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Abstract
The viscosity of dark matter in cosmological models may cause an accelerated expansion and
when this effect is sufficiently large, it can explain the dark energy. In this work, attributing
the origin of viscosity to self-interaction of dark matter, we study the viscous cosmology at small
redshift (0 ≤ z ≤ 2.5). Assuming the cluster scale to be virialized and by modeling a power law
behavior of velocity gradients, we calculate the Hubble expansion rate, H(z) and the deceleration
parameter, q(z). We then perform a χ2 analysis to estimate the best fit model parameters. By
using the best fit values, we explain the cosmic chronometer and type Ia supernova data. We
conclude that if the dissipative effects become prominent only at the late time of cosmic evolution
and are smaller at higher redshift, we can explain the observational data without requiring any
dark energy component. Our analysis is independent of any specific model of self interacting dark
matter.
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I. INTRODUCTION
The observations of large redshift supernovae provide a compelling evidence that the
Universe has gone in an accelerating phase lately [1, 2]. To explain the observations, a
hypothetical new form of energy, called the dark energy (DE), is required which contributes
∼ 70% of the total energy budget of the Universe. Rest ∼ 30% of the energy density
comes from the baryonic matter and an unknown form of matter, called dark matter (DM).
Several other independent observations such as Baryon Acoustic Oscillations (BAO) [3],
Cosmic Microwave Background Radiation (CMBR) [4], Large Scale Structures (LSS) [5]
etc. provide concrete support to the above picture.
Many theoretical attempts have been made to explain dark energy either by modifying
the gravity sector or the energy momentum content of the Einstein’s field equation, see
review [6, 7]. The cosmological constant Λ, is the most successful model to explain dark
energy but there is no theory to explain its physical origin and its present value, see Ref.
[8].
It is a possibility that the dark energy is not a separate entity but a manifestation of some
intrinsic properties of dark matter. It has been argued that if cosmic fluid is not perfect
but viscous, then its effective pressure, P + ΠB may turn negative and change the solution
of Einstein’s equation, thereby affecting the cosmic evolution of the Universe, leading to an
inflation like behaviour [9–12]. Similar arguments have been made in the context of currently
observed cosmic acceleration [13–16]. It have been also shown that the bulk viscosity can
unify the dark sectors. i.e. dark matter and dark energy. The source of bulk viscosity has
been attributed to neutrinos [17], an exotic scalar field [18] or the decay of cold dark matter
into relativistic particles [19]. However these model are highly constrained by CMB and LSS
observations, as large bulk viscosity reduces the gravitational potential, which in turn affect
the structure formation [20–23]. For recent discussions on the role of cosmic viscosity, we
refer to [24–29].
However it has been argued in Ref. [30] that at late times, both bulk and shear viscosity
of cosmic fluid might play an important role in cosmic expansion and contribute to the
observed accelerated expansion of the Universe without any dark energy. In our previous
work [31], we argued that dark matter self-interactions can produce sufficient dissipation
that can explain the present cosmic acceleration. The motivation for SIDM comes from
2
the small scale astrophysical observations which demand some self-interactions between the
dark matter particles [32, 33]. Due to self-interactions it is natural to expect some non-zero
viscosity in the dark matter sector. Also SIDM does not conflict with the LSS observation,
as it behaves like an interacting matter at small scales and a non-interacting matter at large
scales.
We derive the expressions for viscous coefficients (shear and bulk viscosity) of SIDM using
the kinetic theory formalism and estimate the bulk and shear viscosity due to SIDM. To
estimate the viscosity, we use the value of 〈σv〉/m as obtained in Ref. [34] by utilizing the
astrophysical data from dwarf galaxies, Low Surface Brightness (LSB) galaxies and clusters.
Further we estimate the mean free path of SIDM λSIDM ∼ 1 Mpc, which is order of cluster
scale and argue that the cluster scale is smallest scale where the hydrodynamics is valid.
We concluded that the viscous effects of the SIDM are sufficient enough to account for
the present observed accelerated expansion of the Universe without any extra dark energy
component [31].
In this work we extend our previous study to look at the late time dynamical evolution
of universe within the framework of viscous SIDM cosmology without any dark energy
component [31]. An important assumption in our analysis is that in recent times the clusters
size dark matter halos have virialized and thus these are the relevant scales for estimating
viscosity. At larger scales the velocity perturbations evolve and the viscous effects thus
manifest themselves at those scales by contributing to energy dissipation. To calculate
the dissipation term, we consider a few simplified assumptions. Assuming a power law
parameterization of average velocity gradient on the redshift and with our estimates of
viscosity of SIDM from [31], we set-up the equations for the Hubble parameter H(z) and
deceleration parameter q(z).
To extract the values of power law exponent and length scale, we use the χ2 analysis with
the cosmic chronometer data and find that the best fit values also explain the supernova
data. The best fit values extracted from the fit dictate that dissipation was smaller at earlier
times which is consistent with the expectation that the gradients become prominent only at
late times thus affecting the cosmic evolution. We also extract the epoch of deceleration-
acceleration transition and find that the value of deceleration parameter approaches q ∼ 0.5,
for the best fit values, in the matter dominated era as expected.
The arrangement of our work is as follows: In section II, using the kinetic theory formalism
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we calculate the viscosity of SIDM and discuss its effect on the cosmic evolution. In section
III, following some simplifying assumptions, we approximate the form of dissipation term
D. By using the from of D, we then set up the coupled differential equation for the Hubble
rate and deceleration parameter. In section IV we perform the χ2 analysis with the cosmic
chronometer data and estimate the best fit model parameter of viscous SIDM model. In
section V, we present our results. The best fit values successfully explain supernova data. We
also discuss the evolution of deceleration parameter and dissipation due to viscous effects.
In the last section VI, we summarize and conclude our work.
Throughout the paper, we adopt the convention for denoting differentiation A˙ ≡ dA
dτ
and
A′ ≡ dA
dz
.
II. VISCOSITY OF SIDM AND COSMIC ACCELERATION
In this section, we estimate the viscosity of SIDM due to self interactions, using kinetic
theory [31]. We then use it to estimate the corrections to the Einstein equations.
A. Viscosity of SIDM
The starting point of kinetic theory is Boltzmann’s equation
∂fp
∂t
+ vip
∂fp
∂xi
= I{fp}, (1)
where vp is single particle velocity, fp is the distribution function and I{fp} is collisional
term. Within the “relaxation time formalism”, we can approximate the change in the
distribution function due to collisions as
δfp = −τ
(
∂f 0p
∂t
+ vip
∂f 0p
∂xi
)
. (2)
where τ is the relaxation time. It was argued in Ref. [31] that this is a valid approximation
for dark matter halos. Since δfp is the deviation from the equilibrium distribution, the
dissipative part of total energy momentum tensor, T µν = T µνIdeal + T
µν
Diss, is given by
T ijDiss =
∫
d3p
(2pi)3
vipjδfp . (3)
Comparing with the dissipative component of T µν in viscous hydrodynamics one finds [35, 36]
η =
1
15T
∫
d3p
(2pi)3
τ
p4
E2p
∂f 0p
∂Ep
, (4)
4
and ζ =
1
T
∫
d3p
(2pi)3
τ
[
EpC
2
n −
p2
3Ep
]2
f 0p . (5)
where Cn =
∂P
∂
|n is the speed of sound at constant number density.
The exact expression for τ will depend on the specific model of SIDM. To keep our
analysis model independent, we approximate relaxation time τ , by its thermal average
τ˜−1 = n〈σv〉, (6)
where n, 〈σv〉 are the average number density and velocity weighted cross-section average
respectively. Using the non-relativistic Maxwell-Boltzmann distribution in fluid rest frame,
with eq. (6), in the non-relativistic limit of eq. (4) and (5) we get [31]
η =
1.18m〈v〉2
3〈σv〉 . (7)
ζ =
5.9 m〈v〉2
9〈σv〉 . (8)
We have used equipartition of energy to relate root mean square velocity with the temper-
ature T in deriving eq. (7) and (8). For more details on the calculations, see Ref. [31].
B. Einstein’s Equation With Viscosity
In this section, we investigate the effects of viscosity of SIDM on the solution of Einstein’s
equation [30, 31]. We consider that our Universe consists of the viscous dark matter with
no extra dark energy component.
The starting point is the total energy momentum tensor T µν of viscous fluid. In the
Landau frame, one can write the energy momentum tensor for the viscous dark matter in
the first order gradient expansion as
T µν = uµuν + (P + ΠB)∆
µν + Πµν , (9)
where ∆µν = uµuν + gµν is the projection operator and ΠB, Π
µν represent bulk stress and
shear stress tensor respectively, defined as
ΠB = −ζ∇µuµ (10)
and Πµν = −η
[
∆µα∆νβ + ∆µβ∆να − 2
3
∆µν∆αβ
]
∇αuβ , (11)
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where η and ζ represents shear and bulk viscosity of SIDM. The shear stress satisfies the
conditions, uµΠ
µν = 0 and Πµµ = 0.
The covariant energy momentum conservation is
∇µT µν = 0. (12)
Considering the scalar perturbations in the metric and solving for average energy density
under small fluid velocity approximation, i.e. v¯2  1, we get the energy density evolution
as [30]
1
a
˙〈〉s + 3H [〈〉s + 〈P 〉s − 3〈ζ〉sH] = D, (13a)
where, D =
1
a2
〈
η
[
∂ivj∂ivj + ∂ivj∂jvi − 2
3
∂ivi∂jvj
]〉
s
+
1
a2
〈
ζ[~∇ · ~v]2
〉
s
+
1
a
〈
~v · ~∇(P − 6ζH)
〉
s
.
(13b)
In the above expression 〈A〉s represent the spatial average of A. Here we see that the
evolution of the average energy density (〈〉s) crucially depends on the dissipation term D. In
addition, we need Einstein’s equation to get the equation for the Hubble expansion rate. For
this purpose we use the spatial average of the trace of Einstein equation 〈Gµµ〉s = −8piG〈T µµ 〉.
For equation of state (EoS) we define 〈P 〉s + 〈ΠB〉s = wˆeff〈〉s, and hence we get [30]
H˙
a
+ 2H2 =
4piG〈〉s
3
(
1− 3wˆeff
)
. (14)
Here we find that the dynamics of the energy density and Hubble rate depends on the D
and EoS (wˆeff).
III. ESTIMATION OF DISSIPATION AND HUBBLE PARAMETER
In this section, we expand upon the ideas discussed in section II to get an estimate of
the dissipation D and set up the set of equations we solve to get the evolution of universe.
A. Estimating Dissipation D
To get the Hubble expansion we need to estimate the extent of dissipation due to the
viscosity of SIDM. To estimate D we take following steps:
(i) Viscous coefficients η, ζ depend on the thermal averaged quantities and hence they
depend on the scale over which the thermalization has happened.
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(ii) To estimate the length scale over which the average needs to be taken for viscosity
calculation, we make the estimates for mean free path. In dilute gas approximation we have
η = ρvλ/3. Using (7) we get λ ∼ 1010(1/ρ)(m/σ) kpc, where σ/m is in cm2/g and ρ is in
Mkpc−3 [31]. The σ/m estimates for the galactic and cluster scales are ∼ 2 cm2/g and 0.1
cm2/g respectively [34]. The densities for the galactic scales are in the range ∼ 106 − 108
Mkpc−3 [37, 38]. This gives mean free path ∼ 1 Mpc. This is much larger than galactic
size (∼ 10 kpc). For clusters, the densities are ∼ 108 Mkpc−3 [39, 40] and we get λ ∼ 1
Mpc [31]. This means that it is reasonable to assume that dark matter has undergone
some interactions within a cluster size halo. Thus we assume the cluster size to be the
smallest scales where averaging needs to done for estimating viscosity. Below this scale the
hydrodynamic description doesn’t hold.
(iii) We assume that dark matter has virialized on this length scale (∼ 1Mpc) much
before our range of interest of redshift (0 ≤ z ≤ 2.5) and hence we can assume η and ζ
to be constant during the evolution of the universe in this redshift range. This assumption
breaks down as one goes to the epoch of structure formation but that is beyond the scope
of the present work. To calculate the viscosity, we assume the typical cluster scale velocity
v ∼ 10−2
3
and for 〈σv〉
m
we use the constraint obtained on the cluster scale as discussed in the
Ref. [34]. We have incorporated the case where viscosity changes with the redshift in our
ongoing work [41].
(iv) We assume that velocity derivatives are prominent and evolve at a scale L. Thus the
scale L should be larger than the scale at which we estimate viscosity. L, in principle, can
be any scale between the disspative scale (where viscosity appear ∼ 1 Mpc) to the super
cluster scale (∼ 100 Mpc) where cosmic expansion becomes prominent.
(v) We replace the peculiar velocity gradient ∂v by its average spatial value, i.e. ∂v ∼
〈∂v〉s. Since the velocity gradients evolve during the cosmic evolution, we make an ansatz
for the space average peculiar velocity gradient over the smaller redshift (0 ≤ z ≤ 2.5)
〈∂v〉s ∼ v0
L
(1 + z)−n , (15)
where n ≥ 0 is the free parameter. At present 〈∂v〉s(z = 0) ∼ v0/L. The parameter v0 is
the value of velocity on the scale larger than the cluster scale, hence we can assume its value
of supercluster scale velocity, i.e. v0 ∼ 6v.
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In the light of the above assumptions, we may approximate D, given by eq. (13b), as
D =
(
1 + z
)2( v0
L(1 + z)n
)2(
4
3
η + 2ζ
)
. (16)
From the eq. (16) we see that D depends on the scale where derivatives are most prominent
(L), velocity at scale L (v0), viscous coefficients (η, ζ) and redshift (z). It is clear from eq.
(16) that in D, the contribution from the smaller scale (where inhomogeneities dominate) is
large whereas contribution from the larger scale (where universe is more or less homogeneous)
is small.
B. Hubble Rate And Deceleration Parameter
We now set up the equations for the evolution of Hubble expansion rate and deceleration
parameter. In term of redshift (z), the deceleration parameter q, is given by
q(z) = −1 + (1 + z)H
′
H
(17)
Using the dimensionless parameter H¯ = H/H0, where H0 is the value of Hubble parameter
at z = 0, the eq. (17) can be rewritten as
dH¯
dz
=
(q + 1)H¯
(1 + z)
, (18)
The equation for deceleration parameter can be obtained by using the equations (13a) and
(14)
− dq
d ln a
+ 2(q − 1)
(
q − (1 + 3wˆeff)
2
)
=
4piGD(1− 3wˆeff)
3H3
(19)
It was argued in Ref. [31] that for the SIDM wˆeff ∼ 0. Hence the evolution eq. for q, in
term of the redshift is written as
dq
dz
+
(q − 1) (2q − 1)
(1 + z)
=
4piGD
3(1 + z)H3
(20)
where D is given by eq. (16). In terms of the dimensionless parameter H¯, the above equation
can be rewritten as
dq
dz
+
(q − 1) (2q − 1)
(1 + z)
= β
(
1 + z
H¯3
)
. (21)
where
β =
4piG
3H30
(
4
3
η + 2ζ
)(
v0
L(1 + z)n
)2
. (22)
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FIG. 1: The joint confidence region of model parameters n and L have been plotted. The region
correspond to 68.3%, 95.4% and 99.73% confidence limits. The best fit value is shown as a point.
From eqn. (21) it is clear that the evolution of q depends on β, the new dissipation parameter.
Eqns. (18) and (21) are coupled differential equation in q(z) and H¯(z) that need to
solve numerically. The initial condition for H¯(z) and q(z) are given by its present value i.e
H¯(z = 0) = 1 and q0 = −0.60 (from CMB observations) [42].
IV. ESTIMATION OF MODEL PARAMETER USING COSMIC CHRONOME-
TER DATA
As we have seen in section III B, the solution for H¯(z) and q(z), depends on two free
model parameters n and L. In this section, we will estimate the best fit value of model
parameters n and L of viscous SIDM model using the χ2 minimization.
The theoretical model of the Hubble rate for viscous SIDM cosmology is given by the
coupled differential eqns. (18) and (21). We find that Hubble rate depends on two free pa-
rameters i.e. H(z, n, L). We use data for Hubble expansion rate from the cosmic chronometer
data set given in Ref. [43] and reference therein.
The χ2 is defined as
χ2(z, n, L) =
N∑
i=1
[
Hobs(zi)−Hth(zi, n, L)
σi
]2
, (23)
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TABLE I: The best fit model parameter
Data set 1-σ χ2min χ
2
d.o.f Best fit model parameters
Cosmic chronometer 0.5770+0.0766−0.0679 22.02 0.61 n = 0.5770
20.1265+0.0766−0.3393 L = 20.1265
where N is the total number of cosmic chronometer data points and σ2i is the variance in
the ith data points. Here Hobs(zi) and Hth(zi, n, L) ≡ H0H¯th(zi, n, L) represents ith obser-
vational Hubble parameter data and the theoretically predicted value for Hubble parameter
respectively. The best fit value of the model parameters n and L have been estimated using
the χ2 minimization.
The χ2 per degree of freedom, χ2d.o.f, is given by
χmin
N−M , where M is the number of param-
eters in the model. In our case N = 38 and M = 2. The best fit value of model parameters,
χ2d.o.f and 1-σ confidence region values are given in the table I. The contour plot of joint
confidence region of model parameters n and L corresponding to 68.3%, 95.4% and 99.73%
have also been plotted in the Fig. 1.
The best fit values are n = 0.5770 and L = 20.1265 Mpc for the power law exponent and
the gradient length scale. We see that L is approximately an order of magnitude larger than
the cluster size scale (∼ Mpc), which is the smallest scale for viscosity estimation.
V. RESULTS
In this section, we show the our results using the best fit model parameters and also
compare with the constant dissipation n = 0 prediction at the same length scale, i.e. L =
20.1265 Mpc.
A. Hubble expansion rate
The plot for Hubble rate, obtained by numerically solving eqns. (18) and (21) and using
the best fit values of parameters is given in Fig. 2. We also compare it with the case of
constant dissipation and ΛCDM model.
We see that constant dissipation case explain the data upto z ≤ 0.7 and on larger redshift,
Hubble start increasing drastically and fails to fit the data. On the other hand, the best
10
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FIG. 2: Hubble parameter for the best fit value along with the case of constant dissipation is
plotted. We also compare it with the ΛCDM model.
fit and ΛCDM model explain the Hubble data very well. Thus we find that the constant
dissipation case doesn’t explain the Hubble data.
B. Fitting of Supernovae data
Using the Hubble rate obtained in section IV, we calculate the luminosity distance, dL,
given as
dL(z) =
(1 + z)
H0
∫
dz
H¯(z)
. (24)
The quantity measured in supernova observations is distance modulus µ, which is related
with the luminosity distance in the following manner,
µ(z) ≡ m−M = 5 log10
(
d¯L(z)
Mpc
)
+ 25, (25)
where d¯L(z) ≡ H0dL(z) and m, M represent apparent and absolute magnitude of type Ia
supernovae.
In Fig. 3, we plot the distance modulus (m−M) for the best fit value of model param-
eters (n, L) and plot along with the Supernovae data taken from the Ref. [44, 45]. For a
comparison, we also plot the distance modulus obtained for case of constant dissipation (for
n = 0). We see that the best fit and the constant dissipation case (where the velocity gradi-
ent is constant), match quite well on small redshift (z ≤ 1), but at large redshift (z ≥ 1), the
difference between the two cases becomes prominent. We thus conclude that the decreasing
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FIG. 3: Distance modulus (m − M) obtained from best fit model parameters and constant
dissipation have been plotted with the supernovae data. Our viscous SIDM explains the supernova
data
dissipation with the redshift can explain both the cosmic chronometer and the supernova
data while constant dissipations fails to do so.
C. Deceleration parameter (q)
To see the epoch of decelerated to accelerated phase transition (i.e. epoch of transition
from q > 0 to q < 0) of the Universe in viscous SIDM model, we plot q(z) obtained from
best fit value of the model parameters as shown in Fig. 4. To compare our results with the
standard ΛCDM and constant dissipation scenario, we have also plotted the q(z) obtained
from the same.
We see that in viscous SIDM model, the transition point ztr ∼ 0.8 and in ΛCDM transition
point ztr ∼ 0.7. The transition point of constant dissipation case is ztr ∼ 0.3− 0.4 which is
later in comparison with the ΛCDM and viscous SIDM model. We also note that for constant
dissipation, the deceleration parameter increases drastically and settles around q ∼ 1.2 for
higher z. This is quite in contrast with our expectation that q should approach 0.5 in the
matter dominated era. On the other hand, the value of deceleration parameter q for best fit
model parameter in viscous SIDM model saturates at q ∼ 0.4 which is approximately same
as the ΛCDM prediction. We may thus safely conclude that the case for n = 0, or constant
dissipation, is surely not the case to appropriately describe the cosmic evolution.
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FIG. 4: Plot of deceleration parameter (q) obtained from best fit along with the q values for
ΛCDM and constant dissipation case. The best fit model and ΛCDM appraoch q = 0.5 in the
matter dominated era.
D. Dissipation parameter (β)
As we have seen earlier in section III B that the dissipation parameter β, contains the
information about the dissipative effect of viscous SIDM due to dark matter self interactions.
To see the variation of dissipative effects, we plot the dissipation parameter (β) as a function
of redshift which is shown in Fig. 5 .
We see that for n = 0 case, the velocity gradient and viscous coefficients are constant
and hence the β is constant. Thus the dissipative effects remain prominent even on the
larger redshift. On the other hand, for the best fit value of model parameters that explain
the data well, β decreases sharply and becomes small for large z. This is not a surprising
behaviour because in past when structures were being formed, the average peculiar velocity
gradients were small, and consequently the dissipation term was not much effective. However
in the later time of cosmic evolution, the density perturbations start growing which in turn
increases the average peculiar velocity gradient and make the dissipation term important.
Hence we find that the contribution of viscous effects becomes important at a late time not
in early time.
From eq. (20) and (22) we note that at present epoch β = 4piGD
3H30
, which is ∼ 4.1 for our
case. We see that our present estimated value, differs from the value (4piGD
3H30
∼ 3.5) reported
in Ref. [30]. Their conclusion was based on the assumption that at the present epoch
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FIG. 5: Dissipation parameter (β) obtained from best fit model parameters of our viscous SIDM
model have been plotted along with the constant dissipation model. In farmer the dissipation is
decreasing and in later the dissipation is constant with the redshift.
dq
dz
<< 1. In our work, by using the simplified assumptions as discussed in section III A, we
find dq
dz
= 0.61. Hence by incorporating this contribution, we can explain the discrepancy
between the β values.
VI. SUMMARY AND CONCLUSION
The viscous effect due to dark matter self-interactions may play an important role in
the evolution history of the Universe. In late time the viscous effects of SIDM becomes
important and may explain the present observed accelerated expansion of the Universe and
hence mimic dark energy. In this work, we have tried to explain the cosmic evolution on the
redshift range 0 ≤ z ≤ 2.5 by incorporating the viscous effects in cosmic fluid which arise
due to dark matter self interactions.
Assuming the cluster scale to be virialized and viscous coefficients are constant over
the redshift of our interest (0 ≤ z ≤ 2.5), we calculate the viscosity of SIDM using the
Astrophysical constraints. Spatial-averages of velocity gradients are modelled to have a
power law dependence on redshift. With these approximations we set up the equations
governing the Hubble expansion rate and deceleration parameter. We estimate the best fit
model parameters (n, L) of our viscous SIDM model using χ2 minimization with the cosmic
14
chronometer data.
We find the best fit values n = 0.5770 and L = 20.1265 explain the supernovae data
and also attain the appropriate q value in matter dominated era. We have also estimated
the transition point of decelerated to accelerated expansion (i.e. epoch of q > 0 to q < 0)
and found that the epoch of transition ztr ∼ 0.8. The expectation that velocity gradients
and hence dissipation should decrease at higher redshift and becomes important at late
times in order to explain the present observed cosmic acceleration reflects in our viscous
SIDM model for best fit parameters. Furthermore, we also compare the best fit model with
the case of constant dissipation and find that the constant dissipation does not explain
the data (cosmic chronometer and supernova) and also does not attain the correct value of
deceleration parameter in matter dominated era. Our analysis is independent of any specific
particle physics motivated model of SIDM.
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